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tE5!!.  p{�  p�vg ~q ~E�xu?�  w= %=�!X ��5 . }�. z  tq ~vY�1 zg Gm9�Yq�� o:�q =�>c w= zI�q.

��×�×�×�= ��×�×�×��= ��������= ��

 zj�9 t�uw:�q sx'9x7 � �  zu ����o:  4�Nx' :�� 
 ~vY��� . y=�rH sxu�c b!R p{ zq�9� =91 ?� ~h�
 xH�|u�x' w p(Hxu w= �{ Wr.
p{ �  o9>g.

 4�)0�:t(E�u > �>  p{�  >�? }�|'=�!X .a�× a�≠ a� + a������������a���≠ a� + a�
. z  sx(D�x5 zg zv�� z(hu t�� =xUvqrzH�  =�9 s�x' }�{9:X t�  }�| >N w W . ��  }�|'=�!X �>1 t�I  z.x(q zg pu@�q k�+q sx'�> 

t(E�u }w�Eq.
��×��≠��+��

����≠ (�×�×�) + (�×�)
 ���p�9>g =�h�1 =9p�9>g Wr. w= �|u�x' w 9x  > �>  �{ z��# zg "1 &rD ]>R sxu�c b!R1 zI�q zg�� . 9:X �'w9 &D�= ]>R �q�

p�(H�9 =�9 s�x' .�>1 p�vg Wr. w= �|u�x' w p�E�xv  w= �{ z��# ?� ~h� pE(�ux(u�>N zu 9x  Wr. sxIv�  sx1 ���!!  p�:qw� C#��  w=
 �>N %=xK z  p�9>g ?� 3 �'2 p{ =9 .=xSv�r{��  �'w9 �>N %=xK z  p�9>g ?�  p{ w=2 p{=9 . �>N w p�:�q zq�9� ��5

p�vh�q.
��≠ (�) + (�) ⇒ (�×�×�×�×�) ≠ (��) ⇒ (��) ≠ (��)

 zq�9� =9��  �>N %=xK z  p{ w=�  9:X �'2 p�(Hxu . 9:X :H &D�= &rD zg p�:�9 &��|u =932  9:X :H p{ "1 &rD w12  w
t(E�u > �>  �'w9 t�� .:H z.x(q C#s9x!u > �>  p{ �  %=�!X �'w9 �>1 w 9x  ~1 p|q z(hu t�� ?� =xUvq t�.

 3��-  .20�'�:
 >i�m  wn :vH�  ~Y�!R 9�:X�)(m,n∈ N 9:X wa  :H�  ~d�d5 9:X f� p{)(a∈ R p�=�9 y�ju�: zhv�� P>H � (n�> m) a(���)= ����

w p�=�:�q zju w= �{ z��# ?� ~h� &cw sw� s9x  s�Eh� p{ �{ z��# w s:H p�Ed' p{ >  =�9 s�x' 9:X �'w9 zi� zg zv�� sxu�c t�� =xUvq 
p�vg ~q ~v���# s�x' }�|vq w= ~���  s�x' .p�(̀i �/v�� �' zg ~uxu�c �'w9>{ }x' zg p�vg z.x' :��  u zu>i w tH�  }w�Eq �{ z��# zI�r

9>g y9�̀(D� sxH?�. o:�q 4�Nx' >�? }�|m�+q }x' w= zI�q ~v���# s�x' }�|vq ~���  s�x' �>1 zg t��.
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 *��,�::�E�xv  =�9 s�x' 9�:X� lhH z  �= >�? }�|'=�!X.
��

��

��×��

��
��×��×���×�
��×���

l5:�{ z2  t�:�D>' >7� k�+q lhH ?� o9>g B�E5� !!!Qd_ y?�:u� Qn[ F z_��c � �  zu .z� x7 z2 . t�vg z.x' t���# z(hu z  kw�.
 4�)0�:zI�q ~̀vq Gu�x' �>Eg }��  p�=��  >Eg f� ,>8q ?� w= =�9 s�x' 9:X f� &cw >{ . 9:X f� &cw >{ ChX>  w

��  ?� w= ~̀vq s�x' �  =�9 s�x'>Eg } t���# z  >Eg zI�q &!+q Gu�x' p�vg ld(vq .
Gu�x' zI�q ~̀vq �7 ��zI�q ~1 >Eg t���# y>  >Eg }��  ?� &!+q =�9 s�x' 9:X zi�!!.

 zI�q �>N =�9 s�x' 9:X �'w9 t�  &q�X zg p�vg z.x' z(!m�.

 >Eg z  s����

�� :�vg z.x'.  9:X p�ux(�q �q�� w= ,>8q ?� }��  p�=�� ~̀vq Gu�x' zg >Eg ~vY� zI�q:��� ~vY� >Eg }��  9��q w
y>�q t�  ?� >Eg zj�9 .

��×��−�= ���(��) = ����=����=
��

��
zn  ���t�9>g =�h�1 t�j  zI�q �c� tg >!K .=w� w= ,>8q =�9 s�x' 9:X zg Gmw�9�  o}� ��rX w :H ~̀vq Gu�x' zg >Eg  zj�9

zj�9 :uxq G'=xK Qd_ sx1 &_= t�  ?� >Eg .:�:. =�:u�x' 9:X w9 t�  &q�X p(̀i p{ ��  z(hu }x'� zI�q �>N . �>N tq C#
p(H�<i . y=�rH sxu�c z  p�:�D= ��51 .Wr. p{�  �{ s�x' w s�Eh� �{ z��# ~vY� .?� ~h� �q�z�̀vq �{ s�x' . }=x/uw� �� pux(�q tq C#

pvg sxIYr.~vY��+ (−�)pvg sxId�>̀' zY_9 f� ��  ~vY��−� !!o9>g =�h�1 zH�  4N�w zg p(Hxu xI(̀. tq . zhv�� zK�7
=�9 s�x' 9:X z  p�9>g Gn�:!' w p�9�9 o�/u� w= sxq z̀�Tw��� .?� �:7 p{ s�� �q k�xD 3�>R p{ z�N�=!!!!  %=xK?� k�xD �q 

 p(Hxv�q zu>iw p�E�xv  w= GnK�5 zg z(D�x8u2  =9 �>N2  :I�q w
.
ow9 k�+q .

��× ��

��
p�D>  G �E5 z  w p�vh  >Eg %=xK �  ~ �E5 }�xX9 z� :��  kw� �q k�+q t�� l5 }�>  .t�vg y�ju >Eg %=xK z  �7 . ow:g 9��

 y=�rH sxu�c ����t�(�̀�q sxu�c1.t�>_� .^n(8q �|u�x' w s�Eh� �{ z��# . w= �|u�x' w t�=�9 zju w= �{ z��# ?� ~h� t�(E{ ~1 >U(vq C#
p{�  p�vg Wr. .1 zI�q~�������	��=�7 =��E  .pvg ~q ~E�xu?�  w= >Eg ��5 zI  >' �'>q zg.  z�=x/v�� :�:. >Eg C#:

���

��
 w= :�:. =�:u�x' 9:X �>Eg %=xK =9p�(Hxu . =9 w p�vg ~̀vq xIu�x' w ��  p�=��  w= ,>8q =�:u�x' 9:X zg z�_�g ow9 sxu�c b!R ��5

kw� sxu�c zI  o?�  zg p�vg �>N %=xK =�:u�x' 9:X . t�vg y�ju:
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���×��−�= �����=���=���

��
 k�+q �q� w}:Y .

��×��×���×�
��×���

�7 l+q ��p�vg =�h�1 :��  t�j  kw� p�vg ~q >' y9�D w= >Eg %=xK kw� l!c k�xD.):�vg Vw>H >Eg ,>8q ?� kw� :�ux(�q �rH. 
 &E�u }=�!.���r(5 zg :�vg Vw>H %=xK ?�.(  y=�rH sxu�c1 .^n(8q �|u�x' w > �>  �{ z��# . w= �|u�x' w p�E�xu ~q w= �{ z��# ?� ~h�

p�vh�q Wr. .z(D=9 ���~1 zI�q.  zI�q:
������= ���

p�=��q p{ >Eg ,>8q >D w= �  t�r{ . z��#3  s�x' � 2  z_�N� z 
 . zI�q:
����= ��

p�9=w� &D:  zg }:�:. =�9 s�x' 9�:X� t�� �  p�vh�q ~E�xu?�  w= >Eg ��5 .

��×���

��
t�9x  F:n  sx'9x7 pmw� ?� puw:�q zg tq!!!!

 y=�rH zn  ���sxu�c ow:g ��5 �72 . w= >Eg ,>8q�9 s�x' 9:X w %=xK =9 w p�vh�q G�̀vq w ��  p�=��qp�vh�q �>N Gn!c = .
}=x/v�� ~vY�:

��×���

��=��×����×��−�= ��+��−�= ��

 y=�rH sxu�c Z�>D p�>  zu ����t�:Iu z(E73
 3��-  .20�'�:

 >i�n :vH�  ~Y�!R 9:X f�)(n∈ N 9�:X� wa wb  :vH�  ~d�d5 9:X w9 p{)(a,b∈ R p�=�9 y�ju� : ��×��= (�×�)�= (��)�
 z  �=<i ~{�ju zi�2 tH�  s�Eh� �{ z��# zg 9x  t�� P>H sxu�c �'w9 sw� =9 zg t�I�q z.x(q t�?�:v  p�(̀i zg ~n!c sxu�c . t�� =9 �q�

zI�q ^n(8q zj�9 �{ z��# sxu�c .l+q =�9 s�x' 9:X �' w9 zi� ��  sxu�c b!Ra�  wb� zH�  �>N sxIv�  w p�H�  z(H�9�  :�g�' o?� 
��r(5 zg pvh�q p�vg �>N p{=9 w= �{ z��# w p�=�9 zju w= �|u�x' ?� ~h� z�_�g &cw sw� �zH�  �>N . t�� ChX zg :�H�  z(H�9 z.x'

z(D=9 p{ zS �= . z��# zi� ~vY� }� s�x' z  p{ �  zg 9x  9:X �'w9 �>N %=xK z  =�9 s�x' 9:X z�s9x  y:�D= }9:X z�  &cw sw�
p�vg sxI >N w p�:  w= s�x' sxIqw:g>{ z  f' f' p�ux(�q . ~vY�:

��×��= (�×�)�
s�Eh� �|u�x' w ^n(8q �{ z��# . C# �q ?� ~h�� p�9>g �>N p{ =9 w= �{ z��# w p�(H�9 zju s�x' s�xvX z  w= �{. (�×�)�=��×��
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 9:X s�x' z  @(u�># lg w p�=�9 w= 9:X w9 �>N @(u�># l7�9 �q �/v�� �q�� y:�D= . z  F z��# zg zI�q �xE6q =�9 s�x' 9:X z� pv��
y:H l�hI' 9:X w9 �>N %=xK . 9:X w9 ?� ow:g>{ p|D zg z�_�g �73  w2  s�x' w p�:  w=�  %=xK z  �' p�uw9>i>  sxI|  w=

 s�x' 9:X w9 �>OnK�59��  =9 =�9. z(D=9 p{ ��  sxu�c ChX zg zj�q pv��.
 *��,�::�{9 G��ru =�9 s�x' 9:X f� %=xK z  w= >�? %�=�!X ?� o�:g >{.

��×��×��×���×���
���     
��×��×��

l5:p�vg ~q >' y9�D w= >Eg �:( � �}>Eg %=�!X l5 }�>  . > �>  }�|u�x' w ^n(8q }�{ z��# �  =�9 s�x' 9:X �'w9 >Eg %=xK =9
p�=�9 . =�9 s�x' 9�:X� o=xUvq��  w���&E{ . sxu�c b!R3  s�x' z  w p�vg ~q �>N p{ =9 w= �{ z��#� p�uxD= ~q . ~vY�:

��×���= (�× ٥)�=���
p(Hxu pH>7� ��x. w) . @�@X s�(Dw9 pj�q o?� :�vg Vw>H >Eg %=xK ?� tq l+q :�(E�u =x!/q �rH. �� >Eg ,>8q ?� :�ux' ~q �rH

 ?� ~(5 %=�!X~vY� >Eg }xn.��×�� :�vg ?�[� w= %��nrX(. sxu�c b!R p{ w= >Eg }xn. %=�!X sw� ��53 p�vg ~q >' y9�D .
zI�q zg:

��×��= (�×�)�=���
p�vg t�@j��. w= %�>�\' w p�vg ~E�xu ?�  w= >Eg p���  ��5 .>��\' �' w9 t�r{ p�9�9 o�/u� zg :�:..

��×��×��×���×���
��� =���×���×���

���
p�(Hxu :�:. >Eg =9 w= Gm9�Yq zg zv�� }�vYq z  s:H ~ju= zg }=�9 s�x' 9�:X�.

 y=�rH sxu�c ?� w p�>�q >Eg %=xK Z�>D o?�  ��5 .....p�E�xu ~q =�9 s�x' 9:X f� lhH z  w= sw� . zn  ����:v1 y=�rH sxu�c
 y=�rH sxu�c z(D=91 .:v(E{ ^n(8q �|u�x' w > �>  �{ z��# sx1.

���×���=�����=����
p�vg ~q ~E�xu?�  w= >Eg p{?�  �7 .

���×���×���
��� =���×����

���
 ����z�1 & xu ��5� �  zu ������x7 . y=�rH sxu�c b!R z(D=9 zn 2 =9 ~̀vq s�x' %=xK z  w p�=��q ��  w= ,>8q =�9 s�x' 9:X �

p�vg ~q G >N %=xK .

���×����
���=���×����×����

�x7 =��E  .p�:�D= >7� G8  t�� z  zu�u�. t'�=�q z� ?� :Y  . zr{ t�� �rH y=�:u ~qw@m ~(E' }�|uxq?� }�>  zg t�vg z.x' �{ z2 
t�E�xv  w= z!D�6q .z�>�i9�� w ~6�>I' ax_ l5 }�>  pvg M>X z1 zg ~6�>I' l5 }�>  Qd_ t�� . M>X =9 �rH2 z�u�*  !!! =9 :�� 

t�vg y9�D w= %=�!X t�� ~(E' }�|uxq?�.
zI�q Px >q kw� sxu�c z  %=�!X >7� G8  �7 . z��# �  =�9 s�x' 9:X �' zD1	 ^n8(q }�|u�x' w .>7� ��x. �7:

���×����×����=��������=����
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 p�=�9 lg =9 C# :

��×��×��×���×���
��� = ����

 ow9 k�+q l5 �q�: 9 xH>7� sxu�c ?� zL8Iq sx1 o:�ru 4�Nx' zj�1 z(_=.
 ~vY� kw� =�9 s�x' 9:X w9������  zI�q �|u�x' z!D�6q oxD sxu�c b!R :(�×�)�= 
� p�vg ~E�xu?�  w= %=�!X ��5:

��×��×��=��×��=����=��

 *�2�:=�9 s�x' 9:X��� =�9 s�x' 9�:X� �>OnK�5 %=xK z  s�x' ~q %=xK :v1 z  �=z��# �  }�{ �&Hxu ^n(8q
�	: y=�rH sxu�c ChX zg 9�x7 ~q �q ?� k�xD t��3  w p�:  o�/u� w=12 p�E�xv  9�:X� �>N %=xK z  w= . ~��|(m�5 zr{ tq �7

 �>N zg2  > �>  9:X12 pE�xu ~q w= zI�q.
)3×
 ( w)�×2 ( w)12×1(

 zI�q �{@(u�># l7�9 9�:X� �>OnK�5 zg :�uw:�q12. ��5~vY� k�xD %=xK =�:u�x' 9:X =9 z�_�g���  ~vY� z��# }�. z 12 :g >{w o
 =�>c �= �{@(u�># ?��: p.

���= (��×�)�= ���×��

���= (�×�)�= ��×��

���= (�×�)�= ��×��

 z��# }�. z  zg :�:�912 p�(H�<i w= 9:X w9 �>N ~vY� Gm9�Yq =�  >{.
 4�)0� :

t(E�u > �>  p{�  >�? }�|'=�!X .

)�( a�+ b�≠ (a + b)��
:H�  ~ru > �>  &E{ 9:X �' w9 Wr. %=xK z  F z��# zg =�:u�x' :X f� �  ^n(8q }�{ z��# �  =�:u�x' 9:X w9 Wr. ~vY�!!!.

 l+q :
��+��≠ (�+�)�⟹�+��≠��⟹��≠��

 9:X w9 zg p�:�9 C#3�  w2	 ��  z(hu b!R s9x!u > �> .
)�( a�− b�≠ (a − b)��

 z �Iq b�>R z t(E�u > �>  p{ %=�!X w9 t�� zI�q & �* p{.
 l+q :

��−��≠ (�−�)�⟹��−�≠��⟹ ��≠ ٤
 3��-  .20�'�:

 >i�n :vH�  ~Y�!R 9:X f�)(n∈ N 9�:X� wa wb  :vH�  ~d�d5 9:X w9 p{)(a,b∈ Rp�=�9 y�ju� :



 6-+$ ��-0 1 .�2� 6 �2,
 31��–�-�'  *1�– ���, :�, �8,���2�� a�b�= (ab)�
 t�� sxu�c^n(8q }�{ z��# �  =�:u�x' 9:X �'w9 >i� zg zv�� F=xUvq w= �|u�x' ?� ~h� zg z�_�g �tI  p�Ed' p{ >  > �>  }�|u�x' w  �
�

p�vg p�Ed' p{>  w= �{ z��# w p�=�9 .
 y=�rH sxu�c �  zg ~'w�̀' sxu�c t��2 ^n(8q �|u�x' w s9x  > �>  �{ z��# �/uw� zg zv�� y=�9!!!.

 4�)0� :
%�=�!X w 9�:X� p�Ed' z!D�6q o�jv{ =9 %�cw� ~{�i >Eg }�. z  �=�:u�x'�  9�ru ?�÷ p�vg ~q y9�̀(D� &E{ p�Ed' ]>Yq zg . ~vY�

s=�:u p{ �  ~'w�̀' 0�{ >�? %=�!X w9.a�b�= a�÷ b�
*��,�::�E�xv  =�9 s�x' 9�:X� %=xK z  �= >�? %�=�!X.

��× ��

��     w	�÷��   w��×�× ��×��

��

�
:

��×��

��

p�= ~q >Eg Z�>D z  �:( � . }�{ z��# zg :u� y:H p�Ed' p{>  =�:u�x' 9:X w9uw��|u�x' w ^n(8q �sxHy> �>  .C#  y=�rH sxu�c b!R
 
= �{ z��# w z(H�9 zju �= �|u�x' ?� ~h�w p�vg ~q p�Ed' p{>  .~vY�:(��)�=��=��

��

 9:X� =w  > 2 ��(��|u w p�Ed'  =�9 s�x' 9:X z  k�xD 9=xq %=�!X >Eg��  l�:!':H .��5 p�vg ~q ~E�xu?�  w= %=�!X .

��×��

��= ��×��=����=�	

 y=�rH sxu�c ?� zq�9� =9 zg :�vg &c91 ��(��|u w p�9>g y9�̀(D�  =�9 s�x' 9:X z �� p�:�D=.
ow9 %=�!X l5 :

��÷��

 y=�rH z(hu b!R w %=�!X t�� >' s�D� p|_ w e=9 }�> 
  lhH z  w= p�Ed' &q�X t�� Q7>Eg} p�E�xv�q.

	�÷��=�	�

��
 y=�rH sxu�c b!R k�5
 = �{ z��# w z(H�9 zju �= �|u�x' ?� ~h�w  ~q =�:u�x' 9:X f� %=xK z  �= %=�!X w p�vg ~q p�Ed' p{> 

p�E�xu.

��÷��=���

��= (��)�
�5lK zIru y9�D >(I�  t�� ?� >Eg  ~q ~c�  %=xK s�r{ z  �<mGr�=�;.
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oxD %=�!X l5:

��×�×��×��

��

 y=�rH sxu�c b!R �= >Eg %=xK �:( �3  p�vg ~q y9�D . %=xK z  ~vY�:(�×�)�=�����×��=
 ~vY� >Eg }xn. %=�!X zq�9� =9��×�w=  y=�rH sxu�c b!R1)^n(8q �|u�x' w s�Eh� �{ z��# ( ~q =9 =�:u�x' 9:X f� lhH z 

p�=w�.
��=�����=��×�

= >Eg k�5w p�vg ~q ~E�xu?�  :�:. %�>��\' � .
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